The adsorption of 4He on neon-plated graphite is examined for both the single-particle case and the zeroKelvin liquid state. The effects of the oscillations of the neon atoms are included. The band structure for the single 4He atom is calculated for the lowest six bands. The results show 4He to be almost free-particle-like in behavior. For the liquid state. the energy per particle and the local density variations are calculated for areal densities less than 0.07 A -2. The effect, of the substrate is to slightly increase both the binding energy of the liquid and the zero-pressure density. The stability of the' liquid state .relative to two low-density registered phases is estimated.
INTRODUCTION
The physical adsorption of a gas on a solid surface (at a low temperature) produces an interesting system which can be studied for a variety of purposes. 1 • 2 Such systems provide valuable information on the interaction of atoms with surfaces, the dynamics of solid surfaces, and the behavior of condensed matter in two dimensions. Viewed from this last perspective, the adsorbed helium film is interesting because it can be an excellent approximation to a truly two-dimensional system. The low mass of helium makes it difficult to localize at adsorption sites, while the low polarizability of helium causes its interaction with the surface to be weak. Helium is, therefore, less affected by the periodic variations in its adatom-substrate potential than any other adatom, so it can provide valuable insights into the nature of physics in two dimensions. Consequently, helium monolayer films have, in recent years, been used extensively to study the nature of phases in two dimensions. 3 The substrate can affect the film in a variety of ways, but the more important effects are due to the periodic structure of the surface and to the oscillation of the adatom perpendicular to the surface. These are the effects examined in this paper, while some effects due to the motion of the substrate are ignored. Furthermore, the emphasis of this work is on the low density (below that of the 2-D liquid-solid transition) and zero-temperature region of the phase diagram. Under these conditions, helium will exist as either a liquid or a gas, provided the periodic variation of the' adatom-substrate potential is not too large. This is the case for helium on neon-plated graphite.
The effects of small-amplitude periodic potentials on the quantum liquid have been examined in some detail by Novaco and Campbell. 4 It was found that for 4He adsorbed on basal-plane gra-15 phite, the binding energy of the liquid was not affected by the presence of the graphite. However, the graphite surface did generate a substantial periodic variation in the local density of the liquid and a very slight shift-in the zero-pressure density. Thus, the picture of the 0 K adsorbed liquid is a nonuniform liquid having local density varia;.. tions comparable to those for the Single-particle wave function. The binding energy of that liquid is essentially the same as that of the uniform twodimensional liquid. In the case of 3He, it was found that the tWO-dimensional system was not self-bound for any finite denSity, and the periodic potential did. not alter this situation. Thus, both two-dimensional 3He and 3He adsorbed on graphite exist as gases at 0 K.
Preliminary calculations for helium adsorbed on argon-plated graphite showed drastic modifications in the structure of the adsorbed helium because of the large periodic variations in the adatom-substrate potential. 4 These calculations also showed that helium adsorbed on neon-plated graphite exhibits small but significant effects on the binding energy and equilibrium density of the liquid. In this paper, we examine in detail the adsorption of 4He on neon-plated graphite, examining both the single-particle and liquid-state properties. Noting that neon is a light atom, we investigate the importance of the oscillation of the neon atoms to the properties of the helium film. Finally, the stability of the liquid state against the formation of two low density registered phases is considered.
SUBSTRATE MODEL
The substrate surface is a basal-plane surface plated with a monolayer of neon at01;ns. The structure of the neon is assumed to be that of a twodimensional solid with hexagonal symmetry. The graphite is assumed to be rigid and its periodic 5217 structure is assumed to have a negligible effect on the structure of the neon solid. The calculation of the neon-graphite potential was carried out by summing a two-body neon-carbon interaction over all carbon atoms, and then averaging this potential over the lateral position of the neon atom. Any restructuring of the neon monolayer due to the presence of the helium film is 19nored. Therefore, the lateral structure of this monolayer is determined by the neon-neon interactions alone. The neon atoms are assumed to oscillate in the manner of an Einstein oscillator. The in-plane oscillations are determined by the neon-neon nearest-neighbor interaction and the out-of-plane oscillations are determined by the laterally averaged neon-graphite interaction. The two-body neoncarbon interaction used is a Lennard-Jones 6-12 interaction with the energy minimum Eo = 24.7 K and the corresponding separation distance Po = 3.5 A.5 The two-body neon-neon interaction used is also a Lennard-Jones 6-12 with E o =35.7 K and The value a is determined via a harmonic approximation while the expansion coefficients C V are determined via an energy minimization procedure.
The lateral potential well for the j th neon atom was calculated using only nearest-neighbor contributions to the lattice sum. The helium atom sees a periodic potential whose later'al variations are determined (within this model) entirely by the neon layer. The helium interaction with the graphite is calculated as a lateral average of a two-body helium-carbon interaction, this interaction_being a Lennard-Jones 6-12 interaction with Eo =15.4 K and Po=3.35 A.5 The effect of laterally averaging the helium-graphite potential is very small (less than a 1 % error) except in that region near the graphite where the helium wave function is essentially zero.
The helium-neon two-body interaction used is a "truncated" Lennard-Jones 6-12 with fect on the standard 6-12 potential is less than 1% for negative energies and about 10% for energies near 100 K. With these values the numerical difficulties which can occur when averaging V(r) over the motion of the neon atoms are eliminated.
The helium-substrate potential for the rigid neon model is calculated by fixing the neon atoms at their lattice sites and plaCing the lattice plane at a distance z = 3.115 A from the first-layer carbon atoms. The quantity z is the average z distance of the neon atom from the carbon surface, plane calculated with the wave function in Eq. (1). Figure 1 shows the potential energy profile curves for both the oscillator and rigid models of the neon monolayer. Note that the oscillation of the neon layer does not greatly affect the profiles. The oscillations tend to smooth out the periodic variations and slightly raise the curves. This shows up as a small increase in the mobility of the helium on the oscillating neon and a small decrease in the energy of adsorption.
SINGLE-PARTICLE STATES
The band structure for a 4He atom adsorbed on a neon-graphite substrate was calculated using a basis set of plane-wave and Morse oscillator states. The technique used to calculate the band . structure is fully described by Novaco and Milford. 10 The effects of the neon oscillations upon these single-particle states were examined by doing the calculation for both rigid and oscillator models of the neon. The results show these effects to be small, but not negligible.
The wave function for the 4He adatom is written as (7) where the {O} are the reciprocal-lattice vectors for the direct lattice vectors {Ii} of the neon lattice and {M"(Z)} are the Morse oscillator bound states defined by the parameters in Table I . The Schr!kiinger equation for the Bloch wave function ~(f, z) then becomes a matrix equation for the expansion coefficients i: a with (Sa) ,,' G"
and E" is the energy of the 11th Morse oscillator state, n is the area of the unit cell, and UM(z) is the Morse potential. This M"(z) basis set is also determined as in Appendix B of Ref. S. The band structure for 4He on neon-graphite (using the oscillator model for the neon) is shown in Fig. 2 . This band structure was calculated with an expansion using seven plane waves and three Morse oscillator states in Eq. (7). Increasing the plane-wave basis set has no noticeable effect upon the band structure, while increasing the Morse oscillator basis has only a small effect [(1-2~] on the energies shown. The wide bandwidths are characteristic of nearly-free adatom motion in the plime. The effective mass of a 4He atom calculated at r for the lowest band is 1.2 times the "bare" mass and has a 5% variation with direction.
Although the ba~d structure is nearly-free-particle-like, there is a significant variation in the local density of the helium. Jf a multiparticle wave function is constructed from a symmetrized product of single-particle wave functiOns, per Eq. (7), it is straightforWard to show that the local density p(f) of the system is given by -50
Band structure for a 4He atom along high-symmetry directions using the oscillator model for the neon. The point r is the center of the (first) Brillouin zone, the point K is a vertex point, and the point Mis a midpoint of one side. The Brillouin zone is a hexagon whose sides each have a length equal to 41T /3a, where
where p is the average (areal) density of the helium. For the six nearest neighbors r in reciprocal lattice space, Pc:; = -0.133. The helium local density then varies from point to point, being 0.2 times the average density at the site of a neon atom and 1.40 times the average density at an adsorption site (site A in Fig. 1 ).
LIQUID GROUND-STATE WAVE FUNCTION
The theory of the ground state of a Bose liquid in a periodic external potential has been developed by Novaco and CampbelV and will only be summarized here. The ground-state wave function is written in a separable form, with ' (10) 1=1 )
The ftmction M(z) describes the localization of the helium near the substrate surface and 1/I2D describes the in-plane correlations. The separability of the wave function allows the immediate integration over z of all matrix elements, projecting the problem into two dimensions with the concomitant replacement of the original heliumhelium and helium-substrate interactions by effective interactions. These effective interactions are simply the original ones averaged over the z motion of the helium, with the kinetic energy term associated with the Z motion being included in the helium-substrate potential term. This heliumsubstrate potential term U2D (f) is then written as a Fourier series with
G"o the term U o now containing the zero-point energy associated with the z motion. If all the U"G were zero, then U o would be the energy of adsorption of a single helium atom.
The wave function ~D is a correlated wave function which includes both two-particle and singleparticle terms. Assuming the single-particle terms have the same symmetry as the substrate surface, and using a Jastrow function to describe the two-body correlations, we can write
where P"G is the density-fluctuation operator. The 1/10 term is of the form used to describe the homogeneous liquid while the prefactor describes the periodic variations in l/J2D generated by the substrate potential.
The evaluation of the energy using the effective two-body and one-body potentials and the wave function defined by Eq. (12a) can be carried out by treating the effects generated by th~ finite U G as small perturbations on the wave function of the homogeneous liquid. The actual calculation can be done either by using a cumulant expansion for the relevant matrix elements or by using canonical transformations coupled with a paired-phonon analysis of the ground state of the homogeneous liquid. 4 • 11 The energy is giv!ln to lowest order by E=N(Uo+Eo+~L: U-aPa)
The quantity Eo is just the energy per particle of the homogeneous liquid, using l /Jo and the effective two-body potential. This was calculated as per Ref. 4 . It has been assumed, in Obtainmg Eq. (13b), that the Jastrow factor used is close to the optimum one for the homogeneous liquid. The local density is still given by Eq. (9a) with P"G now given by Eq. (13b). The quantity NP"-G is just the expectation value of the density fluctuation operator P-"G, and So(G) is the static structure factor calculated with l/Jo. Thus, The energy of the helium liquid relative to the p = 0 limit is N€, where
to lowest order in UG• The So(C) were calculated from the same 1/10 as in Ref. 4 using the same technique as used in that calculation. The value of €o is calculated using the Beck potential l2 for the helium-helium interaction and the same procedure as in Ref. 4 , although the effective helium-helium interaction is now defined by the function M(z) in Eq. (10). However, this effective interaction is nearly equal to the Beck potential. The parameters for both the Beck potential and effective potential are listed in Table il. The functionM(z) in Eq. (10) can be determined by expanding M(z) in terms of a Mors"! oscillator basis setM"(z), and minimizing Eq. (13a) with respect to the expansion coefficients e" as in Ref.
4. However, the approximate nature of Eqs. (13a) and (13b) cause serious errors in PG if this is done for the helium on neon-graphite system. The reason .for this difficulty is explored in the Appendix, where it is shown that reasonable values of PG are obtained if {e"} are d~termined by minimizing U o • The {e1 so obtained are independent of the density of the liquid and on the values of UG since they are determined only by the laterally averaged helium-substrate potential. These values of {e"} were the ones actually used in the calculation.
RESULTS AND CONCLUSIONS
The effects of the periodic variation in the helium-substrate potential can be seen by calculating 6E, the energy shift generated by the UG for G;IoO, and {PG}, the Fourier.coefficients of the density function. These calculations were carried out using an expansion of seven plane waves and six Morse oscillator functions in both singleparticle and liquid-state cases. 13 The M"(z) basis set is the same for both calculations, and the e" for the liquid-state case do not depend upon density (being determined for all densities by the minimization df U o ) ' Furthermore, the energy of the liquid relative to the single-particle energy is determined via Eq. (15), which treats the singleparticle and liquid-state energies within the same approximation.
The single-particle energy shift is given by the difference in the energy of the ground state calculated using 0;100 terms in Eq. (7) vs that calculated using only a = 0 terms. For 4He, this 6E is -4.2 K using the rigid neon model" and -3.1 K using the oscillator model. These shifts are both relatively small, reflecting the nearly-free-particle nature of the single-particle states. The value of PG 1 (G 1 is anyone of the six reciprocal lattice vectors in the first shell about r) is -0.145 for the rigid model and -0.131 for the oscillator model. The rigid model energy of adsorption is 57.2 K and that for the oscillator model is 53.4. The neon oscillations can be seel). to have .a relatively small effect on the adsorption of helium, producing a 25% decrease in 6E, a 10% Qecrease in PG 1 , and only a 7% decrease in the energy of adsorption.
The 6E calculated from the p = 0 limit of the liquid-state equations is smaller than the corresponding 6E for the single-particle equations. These approximate values of 6E are -2.4 K (rigia model) and -1.9 K (oscillator model). All things being equal, the approximate equations can be shown to generate values of 6E which are too large. The smaller 6E values here are due to the single-particle wave function being a fully nonseparable one while the liquid-state wave function has a separable form. Almost half of the energy shift in the single-particle case is generated by this nonseparable characteristic. true value for PG 1 in the liquid case is very close to the Single-particle value. The results for BE, PG 1 , and the corresponding UG values are summarized in Table ill . Fig. 3 . This energy was calculated via Eq. (15) which treats the single-particle state as the energy zero. The energy per particle for Uc =0 is plotted on the same graph, the difference in the two curves showing the effects of the periodic variations in the helium-substrate potential. The stability of the liquid state against the vacuum is enhanced by this substrate. The substrate causes a 10% increase in the zero-pressure density, this density being 0.040 A-2 for this substrate. The difference between the curves shows the effect of the periodic variations in the neon-graphite su.bstrate. sity which is 10% higher. If the liquid state can take advantage of the nonseparability of the potential to the same extent that the single particle can, then the increase in the binding energy due to the substrate potential would be about 25%, instead of 17 %. The Pc seem to be nearly independent of density, at least for densities near that of the liquid. Thus, the exact liquid-state values are most likely very close to the exact single-particle values, these latter values being -0.13 for G=G 1 • Although the approximate equations do overestimate I5E and fiG' these errors are still small enough not to affect the basic conclusions of this calculation.
The binding energy of thEl liquid is not very large, so it is reasonable to ask if there exists some registered phase with about the same density, but having a lower energy. Two candidates for such a phase do exist, each having a simple structure. These two states are shown in Fig. 4 . However, we can argue that th'eir energy must be higher than the liquid state. The first registered phase is an open hexagonal structure with a density of 0.035 A-2 and the-other is a triangular lattice with a density of 0.0403 A-2. The nearest-neighbor spacing is 4.7 A for the first and 5.35 A for the second. In a simple picture, each helium atom would be localized over an adsorption site. The energy required to do this can be estimated from the band structure. To form such a state, it would be necessary to use Bloch states from the lowest two bands (the localization is on half a unit cell), these Bloch
• states having a spread in energy of about 30 K. The, energy required to localize the helium would be an average of all these energies, and should be roughly 15 K, or half the range. The open hexagonal structure has three nearest neighbors for each helium with a spacing of 4.7 A where the helium-helium interaction has a depth of about 1 K. The potential-energy contribution could not possibly compensate for the increased kinetic energy. The triangular structure has six nearest neighbors with a spacing of 5 .. 7 A where the hel-.
ium-helium interaction is 0.31 K. Again, the kinetic energy term must dominate. While it is likely that a sophisticated calculation would improve the situation for the registered structures, it is very difficult to believe that the qualitative conclusions can be altered.
The treatment of the vibrational modes of the neon layer in this work is obviously the simplest model which one can use. The fact that these vibrations seem to have only a minor effect upon the helium monOlayer indicates that the errors which have been made in simplifying the problem have only a smalleffed. Nevertheless, it is reasonable to speculate on what kind of dynamical neonhelium coupling might surface in a more sophisticated treatment of this particular aspect of the problem. The coupling of the helium liquid to the neon solid must, in some way, emphasize the lowfrequency modes of the solid. A high-frequency phonon in the solid is likely to be much higher in frequency than the typical phonon (or other) modes of the liquid, and can thus be expected to couple only weakly to the liquid modes. Assume the neon is incommensurate with and only weakly coupled to the graphite, the neon phonon spectrum would consist of three modes, two in-plane and one outof-plane. 14 The out-of-plane mode will have a nearly flat dispersion curve with We!! WOo The two in-plane modes would be much like the acoustical modes in an ordinary solid, and with a linear dispersion curve for small q. These low-frequency, long-wavelength modes are the ones most likely to effect the helium layer in a dynamical manner as opposed to the "static" or time averaged man- (AcademiC, New York, 1975 (Pergamon, New York, 1974) .
ner examined in this work. The manner in which these low-frequency modes ~ffect the thermodynamics of the helium film is an interesting area for future research.
ACKNOWLEDGMENTS
The author would like to thank Jonathan Keck for his assistance with some of the computational work.
APPENDIX
The approximate nature of Eqs. (13a) and (13b) causes the calculated values of 6E, the energy shift due to finite UG,and pC;' the Fourier coefficients for the local density, to be larger than the "exact" values. The extent to which these equations do overestimate 6E and PC; can be seen by comparing the solution of the p = 0 limit of Eqs.
(13a) and (13b) to the solutions of Eqs. (Ba) and (Bb). To eliminate the compleXities generated by the nonseparability of the helium-substrate potential, the calculation was first performed using only the fundamental Morse oscillator state in each expansion. With the same basis state being used for both wave functions, the difference in the results is due entirely to the missing higher order terms in Eqs. (13a) and (13b). The calculation showed that the approximate equations overestimated 6E by about 20% and PC; by about 25%. When the MU(z) basis set then expanded to a set of six functions in each case, the approximate 6E and PG were too large by a factor of about 2. This large error is due to the nonseparability of the potential combining with the approximate equations to produce large overestimates of t!le shift in { C U }.
Thus it is necessary to determine {c u } by minimizing only the U o term in Eq. (13a). To improve the determination of {c u }, it would be necessary to introduce higher-order terms in Eqs. (13a) and (13b). Since 6E was much less than half E, the 25% error in oE would not have any essential effects on results of the calculation. The {C U } calculated by minimizing U o are thus sufficient for this calculation.
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